We investigate the possibility of obtaining Bose-Einstein condensation ͑BEC͒ in a steady state by continuously loading atoms into a magnetic trap while keeping the frequency of the radio frequency field fixed. A steady state is obtained when the gain of atoms due to loading is balanced with the three dominant loss mechanisms due to elastic collisions with hot atoms from the background gas, inelastic three-body collisions, and evaporation. We describe our model of this system and present results of calculations of the peak phasespace density 0 in order to investigate the conditions under which one can reach the regime 0 у2.612 and attain BEC in steady state.
I. INTRODUCTION
In the usual method of evaporative cooling used so far in Bose-Einstein condensation ͑BEC͒ experiments ͓1-6͔, a finite number of atoms are collected in a magnetic trap after being laser cooled to a phase space density at least five orders of magnitude below the critical density needed for BEC. The frequency of an external RF radiation field, which spinflips the atoms to an untrapped state, is then lowered continuously. This further cools the gas by removing high energy atoms from the tail of the distribution. This evaporative cooling procedure increases the phase space density above the critical point needed to reach BEC. The success of this method is well established experimentally, allowing many fundamental properties of Bose-Einstein condensation to be investigated ͓7-12͔.
This standard method of achieving BEC has one critical drawback: once a condensate has been obtained, it has a finite lifetime in the trap determined by various loss mechanisms, such as collisions with hot atoms from the background gas, and inelastic collisions between the trapped atoms. Although the finite lifetime of the condensate does not prevent many crucial properties of the system to be studied, it is still very desirable to achieve a steady-state situation so that a condensate can be sustained for an indefinite period of time. Such a situation is essential for the continuous output of a coherent beam of atoms in an atom laser ͓13-18͔. To date, no experiment has demonstrated a steady-state condensation.
We address this problem by constructing an intuitive model describing the two aspects to such an experiment: The continuous loading of atoms into the magnetic trap and the classical kinetic evolution of the trapped atoms toward a steady state during the evaporation. Our description of the loading procedure is based on the experimental setup described in ͓19͔, where the authors loaded a magnetic trap with atoms which had been cooled in a separate MOT. This allows us to estimate the rate ␥ f that atoms enter the trap below the RF cut, as well as the mean energy e f of the injected atoms.
To model the classical kinetic evolution, we assume a truncated Boltzmann distribution for the trapped atoms and obtain rate equations for the total number N(t) and energy E(t) of the system ͓1,3-6͔. These rate equations include the loss of atoms due to elastic collisions with the backgroundgas atoms, inelastic three-body collisions, and evaporation, as well as the gain of atoms due to loading. We then numerically calculate the steady-state solution of these equations and show plots of the peak phase space density 0 as a function of the various physical parameters of the system. We show that the critical regime 0 у2.612 may be reached in order to obtain BEC in steady state.
II. DESCRIPTION OF THE MODEL
In constructing a model of steady-state evaporative cooling, there are several experimental schemes one could consider for describing the loading of atoms into the magnetic trap, as well as several layers of approximation in describing the kinetic evolution of the trapped gas toward steady state. However, we consider only one realization of the loading procedure, assuming the atoms are first trapped and cooled in a MOT and then transferred to a separate magnetic trap ͓19,20,11͔. Furthermore, we consider a simplified model of evaporative cooling that assumes classical statistics, and is therefore valid only for phase space densities below the critical point 0 ϭ2.612; one would have to include quantum statistics in order to properly model the system above this point. These two parts to our model are described in the following subsections.
A. Description of the loading procedure
In a real experiment, irreversibility is introduced at each step of the transfer of the atoms from the MOT to the magnetic trap; the atoms are first pushed out of the MOT, they then travel through a magnetically confining tube, and finally must be caught in the magnetic trap and optically pumped into a trapped hyperfine state. In order not to get lost in the details of modeling all of these heating and loss mechanisms, we consider two extreme idealizations of the transfer: an adiabatic transfer which preserves the phase space density 0 and a sudden, irreversible transfer which decreases 0 .
We assume the atoms feel an isotropic, linear restoring force in both the MOT and the magnetic trap, neglecting the possibility of a radiation pressure in the MOT, which would distort the effective harmonic trapping potential ͓21͔. Then the free Hamiltonian of an atom in either trap can be written
where m is the mass of the atom, and i is the effective radial frequency of the trapping potential. The index iϭ1 indicates the MOT, while iϭ2 indicates the magnetic trap. We model the transfer of atoms in order to obtain a reasonable estimate of the feed rate ␥ f and the mean energy e f of atoms injected into the trap below the RF cut. We treat this transfer process as a succession of discrete transfers each consisting of a finite number of atoms. We only need to consider a snapshot of this transfer process: a finite number of atoms N 1 are collected in the MOT at a temperature T 1 in equilibrium, they are then either adiabatically or suddenly transfered to the magnetic trap. In our model, we allow these N 1 atoms to come to an equilibrium in the magnetic trap, characterized by a new temperature T 2 . We then place the RF cut e cut and calculate the fraction of atoms ␣ f which remain in the magnetic trap below e cut , as well as the mean energy per atom e f of these atoms,
The e 2 factor appears due to the density of states for an isotropic harmonic oscillator potential. A schematic diagram in Fig. 1 illustrates the transfer process.
This process can be repeated many times each second so that atoms are transfered to the magnetic trap at a rate ␥ t . The rate that atoms enter below the RF threshold e cut is then given by ␥ f ϭ␣ f ␥ t . We estimate an upper limit on the number of these transfers each second to be on the order of 100.
The equilibrium temperature T 2 which the atoms attain after a sudden transfer can be obtained by considering the sudden change in the energy of the atoms after the instantaneous change in trapping frequencies 1 → 2 . Then for a sudden transfer, the temperature T 2 is related to the temperature T 1 in the MOT according to
The adiabatic case can be treated as a succession of infinitesimal steps 1 → 1 ϩ␦, each treated as a sudden transfer. This yields the relationship
Note that both cases give T 2 ϭT 1 when 2 ϭ 1 as they must. With the peak phase space density 0 ϭn 0 ⌳ 3 of the trapped atoms given by
it is clear that 0 is invariant through an adiabatic transfer, while it decreases after a sudden transfer. Here, ⌳ is the de Broglie wavelength and n 0 is the peak spatial density. The two quantities ␥ f and e f depend on the frequency in the lower trap 2 , as well as the RF field threshold e cut ; as the trap is made looser, more atoms will make it into the trap below the cut so that ␥ f increases. The feed rate is also increased as e cut is raised, however the mean energy e f of those atoms increases as well.
B. Description of evaporative cooling
With the feeding rate ␥ f and mean energy per atom e f of the injected atoms given by the above model of the loading procedure, it remains to describe the kinetic evolution of the atoms in the magnetic trap during evaporation. Our model can be constructed on phenomenological considerations, with the goal of characterizing the steady state of the system.
We characterize the trapped atoms by a single-particle distribution over energy (e) f (e,t) instead of retaining the more detailed description in phase space using f (x ជ ,p ជ ,t) ͓1͔.
Here (e) is the density of states for an isotropic harmonic potential. We also make an assumption that the nonequilibrium distribution f (e,t) of the system can be well approximated by a truncated Boltzmann distribution ͓1,3-6͔ FIG. 1. This diagram illustrates the transfer process described in Sec. II A. A finite number of atoms are cooled in the MOT to a temperature T 1 in equilibrium. We approximate the potential in the MOT as an isotropic harmonic oscillator at frequency 1 . They are then transferred to the magnetic trap, either suddenly, or adiabatically. We also approximate the magnetic trap as forming an isotropic harmonic oscillator potential, with a different frequency 2 . In equilibrium, the atoms have a temperature T 2 in the magnetic trap. Then, the RF energy threshold e cut is applied and only a portion of the original atoms from the MOT remains. This transfer can be repeated many times in order to obtain a piecewise continuous transfer of atoms.
f ͑ e,t ͒ϭ ͭ With the assumption of the truncated Boltzmann form for f (e,t), the description of the system can be reduced to finding the equations of motion for the total number and energy. The equations of motion for N (t) and E(t) will be written in terms of the various gain and loss processes which occur. There are four competing processes which take place during the evaporation: the constant feeding of atoms into the trap at a rate ␥ f with a mean energy per atom e f , the loss of atoms from the trap due to collisions with the atoms from the hot background gas, characterized by a constant rate ␥ bl , the loss of atoms and heating due to three-body inelastic collisions, given by the rate ␥ 3 Ј , and the rethermalization due to elastic collisions which will eject atoms from the trap which obtain an energy above e cut after a collision. We can include all of these effects in the kinetic equation for f (e,t),
where the distribution of atoms injected into the trap is g f (e) and the density of states is (e)ϭ 1 2 e 2 /(ប 2 ) 3 . ⌫ col (t) is the collision integral given by ͓1͔
͑11͒
where ␥ 0 ϭm/( 2 ប 3 ) and e min ϭmin͕e,e r ,eЈ,e r Ј͖ is the minimum energy. By substituting Eq. ͑7͒ into Eq. ͑10͒, and using Eq. ͑8͒ and Eq. ͑9͒, we obtain the following equations of motion for the total number and total energy:
where the three-body loss rate for the total number is ␥ 3 ϭ3
1.5 K 3 (m 2 2 /2k B T) 3 . K 3 is an experimentally determined constant to be specified ͓22͔. In obtaining the threebody loss terms, an approximation has been made that e cut ӷk B T (t) in order to simplify the terms. Initially during the evolution, this assumption may not hold, but the density is low enough that the three-body loss terms are negligible in any case. By the time the density has increased enough so that three-body losses are significant, the assumption does hold. The factor of 2/3 in Eq. ͑13͒ signifies that the energy will decrease at a slower rate than the number due to threebody losses, which gives rise to an effective heating.
The two terms ⌫ N and ⌫ E represent the loss of number and energy due to evaporation and are given by 
͑15͒
The fourth atom in these equations is lost from the trap since its energy is always greater than the RF cut eЈϾe cut . Due to energy conservation and the truncated form of f (e), this means that e min ϭe r Ј , as indicated in Eq. ͑14͒ and Eq. ͑15͒. Also, the energy which appears in the term ⌫ E (t) is that of the escaping atom eЈϭeϩe r Ϫe r Ј .
III. RESULTS
In order to carry out explicit calculations, we choose realistic values of the various physical parameters needed in our model. These are listed in Table I for a gas of 87 Rb atoms. The parameters 2 and e cut are not listed in the table but are variables to be specified in the following calculations. We have specified a reference point for the MOT parameters which yields a phase space density in the MOT of 0 ϭ6.9 ϫ10 Ϫ6 , if one assumes that N 1 ϭ5ϫ10 5 at 20 transfers per second ͓21͔.
A. Time evolution
We first consider the dynamical evolution of the system toward steady state. In Fig. 2 we show results of a numerical integration of the rate equations in Eq. ͑12͒ and Eq. ͑13͒ for the total number N(t) and energy E (t) . Since the magnetic trap frequency 2 is matched to the MOT frequency 1 in this calculation, the adiabatic and sudden transfers are equivalent. For case 1 in the figure, we chose the optimum value of e cut to yield the highest phase space density 0 , while in case 2 the value chosen for e cut is ten times higher than that in case 1. There are some interesting features to consider from this plot. It is instructive to take a simple limiting case of Eq. ͑12͒ and Eq. ͑13͒ in order to learn something about the build-up time for steady state to occur. If we let e cut →ϱ and ␥ 3 ϭ0, then the solution to the rate equations for N (t) and E(t) is given by
The time scale for steady state to occur in this simple case is just the lifetime of the trap as determined by background losses, bl . In the case where the RF cut is present and evaporation is occurring, while still neglecting three-body losses, the build-up time for steady state will be on the order of magnitude of bl , although it will be shorter, based on results of numerical calculations. We define this build-up time to be the time at which N(t)ϭ(1Ϫe Ϫ1 )N ss . When three-body losses are included, the build-up time can be very short compared to bl if the density is high enough for threebody losses to dominate. So this gives us an upper limit of the build-up time to be bl , and if steady state occurs on a much shorter time scale than this, it indicates that three-body losses are dominating the other loss mechanisms.
In Fig. 2 , the build-up time in case 1 is slightly less than bl , which is 200 seconds. This indicates that the choice of e cut in case 1 minimizes three-body losses. In case 2, on the other hand, where e cut is ten times larger than that in case 1, the build-up time is much shorter at roughly 25 seconds. This is because in case 2, ␥ f is larger, causing the density to build up more quickly which allows three-body losses to dominate. This also stops the evaporative cooling quickly and so one does not obtain as high of a phase space density 0 as in case 1. It should be noted that when we calculated case 2 with ␥ 3 ϭ0, the build-up time was approximately equal to bl , and the steady-state value of the phase space density was close to being optimized at that value of e cut , with 0 ϭ3.9 in steady state.
B. Steady-state solution
Now that we have characterized the time scale for steady state to occur, it is useful to solve Eq. ͑12͒ and Eq. ͑13͒ directly for the steady-state values of N ss and E ss by setting the left-hand sides equal to zero. We were not able to solve the resulting coupled algebraic equations analytically, since they are transcendental in form. However, they are straightforward to solve numerically. In the following sections, we present calculations of the steady-state value of 0 while varying some of the physical parameters in order to discern what values of the parameters yield 0 ϭ2.612 so that BEC can be achieved in steady state.
Varying e cut and 2
In trying to understand what it takes to reach a steadystate BEC, it is useful to look at how 0 varies with 2 and e cut . In Fig. 3 and Fig. 4 , we show shaded contour plots of the steady-state value of 0 , for both an adiabatic and a sudden transfer. Also shown are contours of the total number N ss overlaying the shaded contours. Again, we use the reference point of parameters displayed in Table I . The two different idealizations of the transfer process yield quite distinct shapes for the surfaces of 0 and N ss .
For the adiabatic case shown in Fig. 3 , 0 increases with increasing 2 , keeping e cut fixed. However, it levels off quite quickly, varying from 1.1 to 1.5 with an order of magnitude increase in 2 / 1 from 0.1 to 1.0 at e cut ϭ1 K. Also, with 2 fixed, the optimum value of e cut which yields the highest 0 does not depend much on 2 , but is roughly a straight line at e cut ϭ1 K. Perhaps the most interesting and crucial feature exhibited in the plot is that N ss decreases very rapidly as 2 is increased, going from 10 7 down to 10 4 as 2 / 1 goes from 0.1 to 1.0. This is because three-body losses increase as the trap is tightened, since the density increases. Therefore, one will gain a lot in number by keeping the magnetic trap shallow, while losing only a small amount in phase space density.
The results of a sudden transfer are shown in Fig. 4 . The most striking difference between this and the plot shown in Fig. 3 for an adiabatic transfer is a strong peak which occurs at 2 / 1 ϭ1. This can be attributed to the fact that the phase space density always decreases in a sudden transfer, with a peak occurring at 2 ϭ 1 , where the sudden and adiabatic transfers are equivalent. Notice also that 0 drops off much more rapidly as 2 / 1 is varied from unity, compared to the FIG. 2. This plot shows the time evolution of the total number N(t) and total energy E (t) for the values of the parameters listed in Table I . The magnetic trap frequency is equal to the MOT frequency 2 ϭ 1 in this calculation. Two values of e cut were chosen: 1.1 K, labeled by 1, and 11 K, labeled by 2. Each of the curves is normalized by its final steady-state value. The solid curve is the total number and reaches a steady-state value of N ss ϭ2.0ϫ10 4 for case 1, and N ss ϭ2.8ϫ10 6 for case 2. The dashed curve is the total energy and reaches a steady-state value of E ss ϭ(0.33 K)N ss for case 1 ͑case 2 is not shown͒. The evolution of the peak phase space density 0 is shown in the inset for the two cases. adiabatic case. Another difference between the two cases is that the optimum value for e cut increases as 2 / 1 is varied from unity. Finally, it can be seen also that one does not gain that much in number as 2 is decreased, in sharp contrast to the adiabatic case.
Varying T 1 and ␥ t
We now have an understanding of how the steady-state values of 0 and N ss vary with e cut and 2 . Another useful calculation is to see how 0 depends on the MOT temperature T 1 and the transfer rate ␥ t . In the plots below, e cut is chosen so as to maximize 0 , for a given T 1 , ␥ t , and 2 . Then, given ␥ t and 2 , T 1 is chosen so as to reach 0 ϭ2.612. This is done for 10 6 р␥ t р10 8 , as well as three values of the trap frequency ratio 2 / 1 ͕0.1,0.5,1͖, with 1 ϭ2ϫ100 Hz. The results of an adiabatic transfer are shown in Fig. 5 . Along each of the three lines 0 ϭ2.612. The most important feature of this plot is that the three lines lie nearly on top of each other. This agrees with Fig. 3 in that 0 decreases vary little as 2 is lowered. The plot also shows that 0 depends more critically on T 1 than on ␥ t . Starting from the reference point in the center, one has to either decrease T 1 by 20%, or increase ␥ t by 100% in order to get to the 0 ϭ2.612 line.
The sudden transfer is shown in Fig. 6 . In contrast to the adiabatic case, the three lines are separated, so that as 2 is decreased, one has to try much harder to reach 0 ϭ2.612, which is also consistent with Fig. 4 .
The N ss curves corresponding to the 0 ϭ2.612 lines in Fig. 5 and Fig. 6 are shown in Fig. 7 . The results are the same in both the sudden and adiabatic cases ͑thus there are only three lines instead of six͒. For the adiabatic case, by loosening the magnetic trap, one does not have to vary T 1 and ␥ t much at all in order to stay at 0 ϭ2.612 while increasing the number N ss by orders of magnitude. On the other hand, for the sudden transfer, one has to decrease T 1 and increase ␥ t a lot in order to stay at 0 ϭ2.612 as 2 is decreased. However, one will achieve the same increase in number as in the adiabatic case.
Finally, in Fig. 8 we show a plot of the ratio e cut /T 2 corresponding to the 0 ϭ2.612 lines shown in Figs. 5-7. This ratio of the optimum cut to the temperature T 2 of atoms being injected into the trap is the same in both the adiabatic FIG. 3. This plot shows two overlaying contours of the steadystate value of the phase space density and the total number vs the ratio of trap frequencies and RF cut threshold for an adiabatic transfer. The shaded contours represent the steady-state value of 0 , with the gray-scale bar shown to the right. The numbered lines represent log 10 N ss ͑i.e., a value of 6 for the line in the center corresponds to N ss ϭ10 6 ). It is 2 that is varied in the ratio, while 1 is fixed at 2100 Hz. The values used for the other parameters are displayed in Table I. FIG. 4. This plot is the same as described in the caption of Fig.  3 except for a sudden transfer of atoms from the MOT to the magnetic trap, instead of an adiabatic one. and sudden transfers. As 2 is decreased, one does not have to exclude as much of the distribution from the trap. Also, as ␥ t is increased, one has to cut further into the injected distribution in order to prevent three-body losses from dominating.
IV. CONCLUSION
In this paper we have addressed the problem of achieving a steady-state condensation by continuously feeding atoms into the magnetic trap below a fixed RF threshold. We have included losses due to elastic collisions with atoms from the background gas, as well as inelastic three-body collisions. Our model of the loading of atoms into the magnetic trap treats two idealizations of transferring atoms from a separate MOT; either an adiabatic or a sudden transfer. The description of the kinetic evolution to steady state assumes a truncated Boltzmann form for the nonequilibrium distribution f (e,t), reducing the problem to that of solving coupled rate equations for the total number N(t) and total energy E(t) of the gas. Our calculations show that it is possible to achieve a steady-state condensation using optimistic values of the relevant physical parameters.
We have shown several results of numerical solutions of the rate equations in Eq. ͑12͒ and Eq. ͑13͒. First, we addressed the build-up time for steady state to occur and determined that an upper limit on the build-up time is given by the background loss lifetime bl . If three-body losses are dominating due to a high density, then the build-up time will be much shorter than this. We next looked at how the steadystate value of the peak phase space density 0 depends on the magnetic trap frequency 2 and the RF cut e cut . We found that in the adiabatic case, one can gain a large increase in the total number in steady state N ss by loosening the magnetic trap, while only losing a small amount in 0 . This is not true for a sudden transfer. Finally, we looked at how one must vary the transfer rate ␥ t and the MOT temperature T 1 in order to reach 0 ϭ2.612. We found that 0 depends more critically on T 1 than ␥ t . Also, it was shown that one must try much harder to reach the critical point while achieving a large N ss in the sudden case compared to the adiabatic case.
There are several shortcomings of our model which might be improved, however we believe that the present calculations are qualitatively correct and are sufficient for experimental guidance. An obvious extension to our model would be to include the effect of the growth of the condensate which will make the evaporation more efficient but at the same time increasing three-body losses due to the increase in FIG. 7. This plot corresponds to the three lines in both Fig. 5 and Fig. 6 , showing the total number of atoms in steady state N ss as a function of the transfer rate ␥ t . Along each of these curves, 0 ϭ2.612. The legend in Fig. 5 and Fig. 6 applies to this plot also.
FIG. 8. These curves correspond to the curves in Figs. 5-7, showing the ratio of the RF cut to the temperature of atoms injected into the trap, e cut /T 2 , as a function of the transfer rate ␥ t . Along each of these curves, 0 ϭ2.612.
